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It is known that, if a trigonometric series 
&z,, + f (a% cos 11x + b, sin nx) 
*=I 
(1) 
converges everywhere to a function f, then f is SCP-integrable as well as T- 
integrable and series (1) is the Fourier series off with respect to these integrals 
[2, 3, 61. It is also known that, if a, = o(l), b, = o(l), and series (1) has finite 
upper and lower Riemann sums, thenf is P-integrable and series (1) is a Fourier 
series with respect to P2-integration [5]. The purpose of the present note is to 
obtain further conditions under which series (1) is an SCP-Fourier series; one 
of our results is analogous to the theorem on the Pa-integral just referred to. 
The definitions of SC-continuity, C-continuity, SC-derivatives, and SCP- 
integrals are as in [2]. The upper and lower SC-derivatives of a function F are 
denoted by SCD F and SCD F, respectively. 
Given any D,-integrable (i.e., special Denjoy integrable) function F, we write 
The following result on integration by parts for the SCP-integral, which is 
proved in [I], is needed and so it is stated here for completeness. (It has not yet 
been proved that the conditions stated in [2, Theorem 2.11 are indeed sufficient 
for integration by parts to be valid.) 
Integration by parts for the SCP-integral. Let f be (SCP, B)-integrable in 
[a, b] and let F be its indefinite (SCP, B)-integral. Let 
---co <F(x) ,<P(x) < a 
hold for all x in [a, b], except for an enumerable set. If 
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where g is a continuous function of bounded variation in [a, 61, then fG is 
(SCP, @-integrable in [a, b] and 
(SCP, B) jbfG’ dt = [FG],h- (II,) jbpg dt. 
a a 
(2) 
LEMMA 1. If the numerical series C u, is such that u, = O(1 !n), then the 
upper and lower sums of C us are, respectively, equal to the upper and lower Abel 
sums of2 u, . 
The proof is similar to that of a theorem of Littlewood [9, I, p. 811. 
LEMMA 2. If the numerical series 2 u, is such that u, = 0(1/n), then the 
upper and lower sums of C u, are Jinite if and only if the upper and lower (R, 1) 
sums of C u, are finite. 
If u, = o(lln), then the upper and lower sums of C u, are, respectively, equal 
to the upper and lower (R, 1) sums of C u, . 
Proof. Let h > 0, be small and let N be the positive integer such that 
N < I/h <N+ 1. Then 
sin nh 
2 %zr- 
?I=1 
5 u,=; un(y- 1)+ f U,+LP+Q, 
?Z=l VL=l n=N+l 
say. Since (sin x)/x - 1 = 0(x2) and u, = 0(1/n), we have 
lPl= @ - O(n2h2) / = O(N2h2) = O(1) 
and 
O(N) .=& 0 if) = O(N) 0(&) = O(l). 
Hence P + Q = O(l), and this proves the first part of the lemma. 
For the second part, since (sin x)/x - 1 = O(X) and u, = o(l/n), we have 
lpl=~~l~~ j * o(nh) = o(l) 
and 
,Q,<; f !!!+ O(N) f 
n=N+l n=N+l 
o (-&) = O(N) o (6) = o(0 
Hence P + Q = o(l), and so the proof of the lemma is complete. 
SUMMABLE TRIGONOMETRIC SERIES 429 
In what follows we write, for convenience, 
A,(x) = $a,, , A,(x) = Q, cos nx + b, sin nx (n = 1, 2, 3,...) 
Rk4 = bn cos nx - a, sin nx (n = 1, 2, 3 )... ). 
THEOREM 1. Let the trigonometric series Cz==, A,,(x) be such that 
(9 zL14 >/ x n2 converges everywhere to a continuous and snwoth function, 
(ii) X~=, &(x)/n has J; ‘t PP nt e u er and lower (R, 1) sums, except on an 
enumerable set of points x, 
(iii) Ck 4x) h as J; ‘t PP nz e u er and lower (R, 2) sums, except on an enumer- 
able set of points x. 
Then cz=, A,(x) is an SCP-Fourier series. 
Proof. Let 
Q(x) = - 2 A,(x)/n”. 
?Z=l 
Then, by the condition (ii), 
--al < pqx) < D@(x) < 03, (3) 
except on an enumerable set, where D%#J(x) and D’@(x) denote, respectively, 
the lower and upper limits of 
@(x + h) - @(x - h) 
2h 
as h -+ 0. Hence, by [6, Theorem 11, the derivative @’ exists a.e. Also, since cb 
is smooth, we have 
p@ = g+ = g-, ijl@ =g+ =cjF (4) 
everywhere, where g3+, etc., are the right-hand-lower derivative, etc., of @. 
Therefore, since @ is continuous, by (3), (4), and by [8, Theorem 10.5, p. 2351, 
@ is ACG, . Hence @’ is D,-integrable and Q, is its indefinite D,-integral. 
Since the series --Czzl A,(x)/n” converges to the continuous function @, it is 
the Lebesgue-Fourier series of @ [9, I, p. 3261 and so 
b -2 
n2 
= $ (L) jv Q(x) sin nx dx. 
-77 
Hence, using integration by parts for the D,-integral [8, p. 2461, we get 
b -2 
n 
= $ (D,) jr B’(x) cos nx dx. 
-G7 (5) 
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A similar argument shows that 
an _ = + (D,) j:n W(x) sin 71% dx. 
n 
Thus, -C:zp=, B ( x >/ n is the D,-Fourier series of @‘. We note that, since @ 
is smooth, @’ is SC-continuous everywhere. 
Since Cc=, A,(x) has finite upper and lower (R, 2) sums except on an enumer- 
able set, we have 
-a3 < pqx) < DW(x) < co, (7) 
except on an enumerable set, where B2@(x) and @Ij(x) are, respectively, the 
upper and lower limits, as h - 0, of 
qx + h) - 2@(x) + @(x - h) 
h2 
Hence, again by [6, Theorem I] D2@( x exists a.e. and so C,“=, A,(x) is summable ) 
(R, 2) a.e. to a functionf, say. Now, by (7), 
--co < SCD Q’(x) < SCD Q’(x) < co, 
except on an enumerable set and SCD @’ = f - &a, a.e. 
Let E be the set of all points where @’ exists. Then we have seen that E is of 
full measure and clearly @’ is C-continuous on the set E. Let 01 E E. Then 
since @ is periodic of period 2rr, @’ is also periodic and so 01 + 2~r E E. Hence 
Q’(x) - @‘(a) is an SCP-major and an SCP-minor function of f - &a0 in 
[a, OL + 27;], with basis B = E n [a, 01 + 2~1. So, f - &a, is (SCP, B)-integrable 
in [a, ol + 2~1 and 
Q’(X) - @(a) = (SCP, B) js (f - &zo) dt, XEB. 
a (8) 
Since @’ has period 2~, we have 
BY (3) 
a, = ; (SCP, B) jaTZiif(t) dt. 
a 
--oo <p(x) G@(x) < m (9) 
except on an enumerable set. By (8) and (9) we can apply the result (2) on 
integration by parts to the integral in (6) with -T and r replaced by a! and 
OL + 2n, respectively. 
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Then 
a, = X (D,) j”‘“” Q’(x) sin nx dx 
CL 
= : (D,) j”+“” [q’(x) - @‘(a)] sin nx dx 
cx 
= ; (SCP, B) [+2V [f(x) - &zs] cos nx dx 
= ; (SCP, B) l’+2nf(x) cos nx dx. 
A similar argument holds for b, . This completes the proof. 
THEOREM 2. Let the trigonometric series Cl,, A,(x) be such that 
(i) a, = O(l), b, = O(l), 
(4 CL A( >I x n2 converges everywhere to a smooth function, 
(iii> CT-, W >I h f; x n as nite upper and lower Abel sums, except on an enumer- 
able set of points x, 
Civ>Cik 444 h as f; ‘t PP nz e u er and lower (R, 2) sums, except on an enumerable 
set of points x. 
Then C,“=, A,(x) is an SCP-Fourier series. 
Proof. Condition (i) implies that the coefficients of cf, &(x)/n are 0(1/n) 
and so by Lemma 1 and Lemma 2, Cl, &(x)/n has finite upper and lower 
(R, 1) sums, except on an enumerable set. Also, by (i), CT=, An(x)/n2 converges 
to a continuous function. So, all the conditions of Theorem 1 are satisfied and 
hence cf, A,(x) is an SCP-Fourier series. 
Theorem 2 can also be proved independently. By condition (i) and by the 
Riesz-Fischer theorem the series -cf, B,(x)/n is the Fourier series of an 
L2-integrable function F and this series converges a.e. to F [4]. The function 
--Cz=r An(x)/n2 is an indefinite integral of F, and by (iii), F(x) and E(x) are 
finite except on an enumerable set. The proof can now be completed in the same 
way as [2, proof of Theorem 5.21, except that here we employ the conditions for 
integration by parts stated at the beginning of this paper. 
The proofs of the last two theorems were based on integration by parts. 
However, when a, = o(1) and b, = o(l), f ormal multiplication of trigono- 
metric series can be used instead, for then the upper and lower (R, 2) sums of 
the transformed trigonometric series are finite if the original series has this 
property [9, I, p. 3321. Since the condition a, = o(l), b, = o(1) also implies 
the smoothness of Cl, A,(x)/n2, [9, I, p. 3201 , an argument like that in [3] leads 
to the following result. 
+9/66/z-12 
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THEOREM 3. If a, = o(l), b, = o(l), and ;f the series Cl,, A,(x) has Jinite 
upper and lower (R, 2) sums, except on an enumerable set, then CL, A,(x) is an 
SCP-Fourier series. 
The corresponding result for the P2-integral was stated in [5]; it appears 
again in [7] which fills a gap in the original treatment of the Pn-integral. 
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